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Abstract. An approach to the numerical simulation of an elastic interaction between the 

deformable solid bodies inside an assembly is considered. The solids are interacting with each 

other without sliding and detachment along internal boundaries i.e. solids are stick to each 

other. An algorithm for the precise modeling of bonded contact interaction between solids is 

described. Non-conformal spectral element meshes of different orders are used for the 

discretization of solids. Test examples are presented for the verification of the developed 

algorithm by comparing obtained numerical results with solutions of similar problems in case 

of merged solids with a conformal mesh discretization: static and modal analysis of assemblies 

consisting of cubical and cylindrical bodies. An algorithm’s reliability and a continuity of the 

obtained fields are analyzed in case of gaps/overlaps between contacting solids. 

1. Introduction 

An approach to the numerical simulation of a contact interaction between the deformable solids inside 

the assembly is considered in the article. Solids interact with each other during the deformation 

process without sliding and detachment along internal boundaries (in other words solids are merged to 

each other). A standard approach for solving such kind of problems is to imprint the boundaries and 

merge the solids along the common boundary zones. However this approach requires conformal 

discretization of the whole assembly including conformal meshes on the common boundary regions 

during the numerical simulation, which often causes significant problems for the industrial assemblies 

consisting of a large number of parts of different sizes. As a result a mesh could contain a large 

number of elements, also it is not possible to make a sharp transition from the coarse mesh to the 

detailed one, to connect meshes with different element types (tetrahedrons, hexahedrons), to generate 

an unstructured hexahedral mesh in the overall assembly. Moreover, it is difficult or impossible to 

build a conformal mesh in the overall assembly in case of imperfections (gaps, overlaps, etc. between 

solids) in the initial geometrical model (which often happens while importing CAD models into CAE 

systems), and if solids are not ideally attached to each other. As a result it is necessary to heal/modify 

an initial CAD-model (which is time consuming and not a straightforward process) to build the mesh 

of acceptable quality. 

One of the approaches for solving the described problems with generating meshes for assemblies is 

to remove a mesh conformity requirement between solids and to build instead independent 

http://creativecommons.org/licenses/by/3.0
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discretization in each solid with further tying in order to provide a continuous solution of the 

boundary-value elasticity problem (stress-strain state parameters) along the boundaries between the 

solids. A tieding algorithm based on the bonded contact interaction between solids is described in the 

article. A bonded contact between the boundary elements inside the contact region is ensured by direct 

imposing displacement continuity conditions in the stiffness matrix (and a mass matrix, in case of 

transient problems) obtained from the discretization of a boundary-value elasticity problem inside the 

assembly. This is a direct generalization of an approach for setting Dirichlet conditions on 

displacements in the finite element method. Normal stresses continuity in the contact regions is 

provided by the corresponding additional terms to the stiffness matrix from boundary integrals along 

the contact regions as a result of the Galerkin weak formulation (normal stresses continuity in a weak 

sense). High order space discretization is provided by the spectral element method. A described 

algorithm allows to obtain a numerical solution for the unstructured non-conformal spectral element 

meshes (using different spectral element orders in solids), and to provide a continuity in C-norm for 

primary variables (displacements) and a continuity in L2-norm for normal stresses in the contact 

region. 

Test examples are considered for the verification of the developed algorithm of tying elastic solids. 

A robustness of the algorithm and a continuity of the obtained solution are analyzed in case of 

gaps/overlaps between contacting solids. An example of an industrial problem of modal analysis of the 

micro sputnik assembly is considered. 

2. Contact models 

In order to find a contact problem solution we modify Finite Element Analysis (FEA) equations by 

some constraints preventing interacting bodies from interpenetration and providing consistent fields 

inside them.  These constraints are applied to the boundary where interaction occurs. Thus for the 

boundary AB it is necessary to provide the following boundary conditions [1]: 

 
1 2| |AB ABx x and 

1 2| |AB ABt t ,    (1) 

where 
ix  is deformed position and 

it  is the traction between the regions.  

 
Figure 1. Contact regions with node-face contact [1] 

 

The well-known approaches for introducing these constraints into the global FEA system are: 

- Lagrange multipliers method; 

- Penalty method; 

- Augmented Lagrange multipliers method; 

- Constraint elimination method; 

- Interior penalty discontinuous Galerkin method [2,3]. 

All these methods have pros and cons to use them in industrial software solutions. First three methods 

are the most commonly used so we describe them briefly. Constraint elimination method is the basis 

for the algorithm considered in the article. 

 

2.1 Lagrange multipliers method 

We introduce the Lagrange multiplier functional [4]: 
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 1 2

i

T i

i x x d


    ,     (2) 

where 
1 2t t     is the multiplier. 

The method introduces new unknown for each contact pair. Also, as for any Lagrange multiplier 

approach, it gives a zero diagonal element in a global stiffness matrix for each multiplier term. Thus, 

special care is needed in the solution process to avoid division by the zero diagonal as well as a proper 

choice of a set of basis functions for an approximation of Lagrange multiplier [5]. 

 

2.2 Penalty method 

Penalty method uses the following contact term [6] : 

 
2

1 2

2
i

i

i

k
x x d



    ,    (3) 

where k  is penalty coefficient.  

The choice of a penalty coefficient is not an obvious task. If it is too big it leads to an ill 

conditioned stiffness matrix and if it is too small it leads to large interpenetrations of interacting solids. 

Traction continuity is not achieved without additional terms. 

 

2.3 Augmented Lagrange multipliers method  

Augmented Lagrange multipliers method combines simplicity of the penalty method and also resolves 

some of its problems with accuracy. The contact potential term has the following form [7]: 

   
2

1 2 1 2

2
i i

i T i

i

k
x x d x x d

 

        ,   (4) 

with i  updated on iterations by 
     1 1m m m

i i kg 
 
  , where  1 2g x x  . 

The choice of a penalty coefficient is still a problem, but additional Lagrange multiplier increases 

accuracy if a penalty coefficient is not large enough. The price for this flexibility is additional 

iterations which can diverge. Traction continuity in the contact boundary is obtained from the 

formulation essentially. 

 

2.4 Constraint elimination method  

Despite to Lagrange multiplier method constraint elimination method reduces a number of unknowns. 

It is necessary to define however slave and master degrees of freedom for the constraint system. The 

global system of FEA equations can be reduced further using these constraints. The selection 

algorithm of master and slave degrees of freedom is not trivial. In order to impose constraints on 

displacements using a direct elimination procedure it is necessary first to represent them in the 

following way [8]: 

   
0

n

s m m

i

x F x N x


  .    (5) 

These equations are introduced into the global stiffness matrix and global force vector assembly 

process using one of the elimination techniques [9]. Traction continuity in the contact region needs to 

be taken into account additionally and will be considered later. 

3. Tied contact algorithm 

The algorithm may be separated into two steps. First step is a contact pair detection. Second step is an 

assembly of contact constraints equations and global matrix reduction based on them. 

 

3.1 Contact pair detection 
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In general case it is quite difficult to set up contact pairs by hand so special algorithm is needed. To 

minimize user efforts we assume that all surfaces can be in contact and then remove node-face contact 

pairs which violate the following conditions: 

● a node and a face belong to different bodies to prevent self-contact; 

● a distance between a face’s center and a node is less than some prescribed distance depending 

on element sizes; 

● a distance from a node to its projection on a face is less than a given gap; 

● a node’s projection on a face’s plane is located inside a face; 

● an angle between a master surface normal at the projection point and a slave surface normal at 

a node is larger than a given reference angle (180 degrees in an ideal case). 

 

3.2 Projection point search 

Slave node’s projection on the master surface can be obtained using the closest point projection 

method [1]: 

   
1

min
2

T

s m s m

k i i k j j

i i

c x N x x N x 
   

      
   

  .   (6) 

For an interface of a three-dimensional problem it gives the following equations: 

 
1 1

0

T

j m s m

j k i i

j i

Nc
x x N x

 

   
     

   
  ,  

2 2

0

T

j m s m

j k i i

j i

Nc
x x N x

 

   
     

   
  ,      (7) 

  

where  1 2,    coordinates of the projection in a reference system of coordinates of an element’s 

face,  iN  element’s face’s form functions. This system of equations is nonlinear in general and 

may be solved only approximately using Newton method [10]. 

 

3.3 Constraint matrix 

After contact pair detection is done the constraint equation for the pair can be written in the following 

way using slave node’s projection onto the master surface [11]: 

  0m

s j j

j

u N u  ,     (8) 

where su - slave node displacements, 
m

ju - node displacements in a master element,  jN   - form 

functions of a master element,  - slave node’s projection onto master element. 

The rectangular system of constraint equations consists of these equations (8) for all slave nodes. 

Since some nodes could become both master and slave in constraint equations we have to eliminate 

repeated constraints in order to avoid overconstrained system of equations. So the resulted rectangular 

system of constraint equations could be transformed into reduced row echelon form (RREF) using 

linear algebra methods for the rectangular sparse matrix diagonalization (for example, using QR 

factorization). As a result slave degrees of freedom are separated from master degrees of freedom and 

constraints could be used for further elimination process at the stiffness matrix assembly stage. 

 

3.4 Traction conditions 

Traction continuity conditions on contact boundaries could be imposed in the following way [1, 12]: 

0
s m

s m s s m s m m

i iN n d N n d 
 

     ,    (9) 

where 
s  - slave surface contact boundary, 

s

iN - form functions of a slave element, 
sn - normal at a 

slave surface, 
m - stress tensor in a master element, 

m - master surface contact boundary, 
m

iN - 
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form functions of a master element, 
mn - normal at a master surface, 

s - stress tensor in a slave 

element. 

In general case these additional equations lead to an asymmetric stiffness matrix and as a result 

general sparse solvers with a higher computational cost should be used for its resolution. However for 

the case of linear elastic problems with tied contact conditions considered above it is more common to 

have symmetric stiffness matrix and there are some techniques which could be applied for 

symmetrizing the matrix [13]. 

4. Computational results 

Both verification and industrial examples are presented in the following section in order to 

demonstrate an efficiency of the developed approach for handling assemblies with geometrical 

inaccuracies. 

 

4.1 Linear statics analysis: a cube assembly 

As an example of a simple problem demonstrating the continuous displacements and stresses over an 

assembly a linear elastic problem of a cube assembly bending is presented. Beam is splitted into two 

parts and gap/intersection is imposed between bodies in order to verify an algorithm tolerance. As it is 

shown in figures 2 and 3 both displacements and stresses are continuous over non-conformal spectral 

element meshes with different element orders. 

 

 
Figure 2. Continuous displacement field over 

hybrid spectral element meshes of the 3rd (left 

cube) and 4th (right cube) orders.  

 

 
Figure 3. Continuous von Mises stress field. 

4.2 Modal analysis: a cube assembly 

An example proves algorithm efficiency in a modal analysis of the cube assembly with gaps. As it is 

shown in figures 4 and 5 stresses are continuous over non-conformal meshes with a gap between 

bodies. 

 
Figure 4. Hybrid finite element mesh for a two-

cube assembly. 

Figure 5. Continuous von Mises stress field for 

Mode 7.1 
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4.3 Modal analysis: a cylindrical assembly 

An example with two overlapped cylinders is a representative model to demonstrate continuous 

solution fields at the contact boundary. Figure 6 and 7 shows Mises stress for modes 7 and  9. 

 
Figure 6. Continuous mode von Mises stress 

field for Mode 7. 

 
Figure 7. Continuous mode von Mises stress 

field for Mode 9. 

 

 
Figure 8. Non-conformal finite element mesh. 

 
Figure 9. Continuous von Mises stress field on 

curved contact boundary with gaps and overlaps. 

4.4 Linear statics analysis: splitted beam bending with curved boundary 

An example with curved boundary inside a splitted beam in figure 9 demonstrates continuous stresses 

in the contact region with simultaneous overlaps and gaps. 

 

4.5 Industrial examples 

The following industrial example of the micro sputnik assembly demonstrates the robustness of the 

developed automatic contact pair detection algorithm for an overall contact case in figure 10 and 11, 

continuous stress field in figure 12 and 13. In case of unfixed model first 6 eigenvalues are very close 

to zeroes, that corresponds to theoretical expectations about 6 possible dimensions of freedom for 3D 

models. Number of zero eigenvalues is one more criteria to verify the algorithms for bonded contacts. 
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Figure 10. Slave nodes contact status (Red color 

- nodes are in contact). 

 
Figure 11. Slave nodes contact status (Red color 

- nodes are in contact). Section. 

 
Figure 12. Continuous mode von Mises stress 

field for Mode 7. Section. 

 
Figure 13. Continuous mode von Mises stress 

field for Mode 8. Section 

5. Conclusion 

The described algorithm is implemented in engineering simulation software CAE Fidesys in 

combination with Finite Element Method (FEM) [1] and Spectral element method (SEM) [14]. Test 

examples verified the developed algorithm to resolve bonded contact on non-conformal meshes 

between solids and showed algorithm robustness and solution fields continuity in case of 

gaps/overlaps between contacting solid bodies. It is shown that small gaps and overlaps in CAD-

model of an assembly do not influence much a correctness of numerical results and these cases are 

correctly and automatically processed in CAE Fidesys software module based on the developed 

algorithm. 
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